Abstract. The multiplicative broken-line model is proposed as a generalization of the discrete multiplicative cascade to generate time series of mean areal rainfall during a storm. The main advantage of the new model is the ability to specify an outer scale for the cascade which is less than the duration of the event and an arbitrary branching number. Model parameters are estimated for time series of 10 min mean areal rainfall over squares with 16 and 128 km sides. The model output is compared with the measured data and is found to be able to reproduce the power spectra, correlation functions, and probability distributions of the time series at both scales.
Introduction
Plausible temporal patterns of mean areal rainfall over a catchment during a design storm are frequently required as input into lumped hydrological models used in flood estimation. Although it is well known that the temporal structure of a time series of mean areal rainfall (the mean, variance, and correlation function) is highly dependent on the extent of the spatial averaging, most of the research into stochastic generation of a time series of rainfall has been based on point data, which does not take this scale dependence into account. In general, averaging over large areas smooths out the random fluctuations, and the resulting areal averaged time series becomes less variable and more correlated. In modeling the rainfall depths within a storm, the traditional time series models, such as Markov or autoregressive moving average (ARMA) models, will not be able to model the high autocorrelations which exist over a large number of lags.
Most of the point process models, such as Barlett-Lewis rectangular pulse model or the Neyman-Scott rectangular pulse models [Rodriguez-Iturbe et al., 1987a, b] , do not consider the autocorrelation between successive time periods explicitly. Scaling models have been shown to provide a parsimonious representation of rainfall over a wide range of spatial and temporal scales and have, to some extent, superseded the point process models [Foufoula-Georgiou and Krajewski, 1995] . The current state-of-the-art scaling models are based on the multiplicative cascade which arose from the statistical theory of turbulence models [Foufoula-Georgiou and Krajewski, 1995; Lovejoy and Schertzer, 1995; Over and Gupta, 1996; Menabde et al., 1997b] .
Following Menabde et al. [1999] , a discrete multiplicative cascade is generated as follows. Consider a homogeneous distribution of a field R 0 over the time interval T. On the first step of the cascade, divide T into 2 sections (or an arbitrary branching number b) and assign to each of them a value R 1 ϭ R 0 w(1) and R 2 ϭ R 0 w(2), where w( j) are independent identically distributed realizations of a random variable W with probability density function (pdf) g(W), with ͗W͘ ϭ 1. On the next step, each half is itself divided into two parts, and the construction is repeated N times, leading to a piecewise continuous field:
where R N represents the piecewise constant function on the interval t N ϭ 2 ϪN T and the set of binary indices j 1 , j 2 , ⅐ ⅐ ⅐ , j N indicate the 2 N different values in the random field. Various cascades may be generated depending on the choice of the density function g(W) and whether or not the cascade is selfsimilar (the pdf g(W) is the same on every step of the cascade) or bounded (variance of g(W) decreases exponentially with cascade step).
The scaling behavior of a random field is classified according to the slope of its power spectrum:
When ␤ Ͼ 1, the statistical properties of the field can be described by the so-called generalized structure function
where ͗ ͘ denotes the ensemble average and (m) is some nonlinear, upward concave function. Following Menabde [1998] and Menabde et al. [1999] , a random field satisfying (3) on some limited range is referred to as a "quasi-multiaffine" random field. More details on the development of scaling theories and the different scaling behaviors exhibited by different multiplicative cascades are given by Over and Gupta [1996] , Cârsteanu and Foufoula-Georgiou [1996] , and Menabde et al. [1997a Menabde et al. [ , b, 1999 . The branching number in a discrete multiplicative cascade is limited to an integer greater than 1. It is worthwhile therefore to construct a model which has the flexibility that allows the branching number to be specified as a noninteger. The brokenline model, applied to hydrology by Mejia et al. [1972] , has a hierarchical structure similar to a multiplicative cascade and the required flexibility in terms of being able to specify both the branching number and the correlation length for the process. However, it is based on an additive rather than the multiplicative process, which is required for multiscaling or multiaffine simulations. Mandelbrot [1972] proposed a model that was the product of exponentiated stationary Gaussian processes and has the required flexibility in the selection of the branching number. The variance of the random processes is kept constant in the Mandelbrot [1972] model, and therefore it generates a time series with ␤ Ͻ 1, whereas the time series of mean areal rainfall commonly exhibits ␤ Ͼ 1. We propose to define a multiplicative broken-line model by multiplying N nonidentical exponentiated simple broken lines. Section 2 will set out the theoretical framework for the multiplicative broken-line model; thereafter a set of radar data will be used first to estimate the model parameters and second to confirm the verisimilitude of the synthetic data.
Multiplicative Broken-Line Model
A simple broken-line model results from the linear interpolation of equally spaced independent random variables [Mejia et al., 1972] .
where (t), t ϭ 1, ⅐ ⅐ ⅐ are independent identically distributed Gaussian random variables with zero mean and variance 2 , a is the time lag between the vertices (n), k is a uniformly distributed random variable required to make the process stationary, and I is the indicator function
The variance of (t) is 2 ϭ 2 3 2 .
A multiplicative broken-line model is obtained by multiplying N simple broken lines after exponentiation in the manner of Mandelbrot [1972] .
In the logarithmic domain the multiplicative process becomes an additive process, and it is convenient to work in the logarithmic domain.
The variance of
where p 2 is the variance of the pth broken line p (t). The variance p 2 and the spacing between the vertices a p for the pth broken line are functions of p,
where 0 2 is the variance of the broken line at the outer scale, q is the fractional change in the spacing of the random numbers between successive broken lines where 0 Ͻ q Ͻ 1, and H is the exponent for the change in the variance between successive broken lines in the cascade where 0 Ͻ H Ͻ 1. Coefficient of variation (CV), lag 1 autocorrelation (1), algebraic slope of the average power spectrum ␤, and the slope of the generalized structure function at the origin H for time series of mean areal rainfall averaged over squares with sides of 2-128 km and 10 min temporal resolution. The data are from Darwin, January 1-4, 1997.
Combining (9) and (10), 0 2 can be obtained from
Once the process Y(t) is generated in the log domain, the desired process Z(t) can be obtained by exponentiation.
Z͑t͒ ϭ exp ͕Y͑t͖͒.
The mean and variance of Y(t) and Z(t) are related through Matalas moment transformation equations [Matalas, 1967] .
The model has five parameters, namely, Z , Z , a 0 , H, and q. Parameters Z and Z can be estimated from the observed time series; a 0 is the memory of the process and can be estimated in the first instance as the decorrelation time for the time series. Menabde [1998] showed that the generalized structure function of a time series generated by means of a bounded log normal cascade has a scaling behavior G m () ϰ mH for small enough and over some range of m. Therefore the slope of the generalized function, evaluated using some m and for a range of near the origin, can be used to estimate H. Simulations showed that the autocorrelation function was insensitive to changes in q in the range 0.5 Յ q Յ 0.90, so q ϭ 0.75 was assumed for all the simulations.
Data
A monsoonal depression moved over Darwin, Australia, during the period January 1-4, 1997, causing widespread rainfall over an 84-hour period. Data from the Bureau of Meteorology weather radar situated at Darwin was used to measure the rainfields at 2 km, 10 min resolution during the event. Average summary statistics for time series of mean areal rainfall for 2-128 km spatial scales, keeping the temporal resolution at 10 min, were calculated within a square with 128-km sides centered on the radar. A summary of the statistics is found in Table 1 . Figures 1 and 2 show time series of mean areal rainfall averaged over squares with sides of 16 and 128 km. Figures 3 and 4 show the correlation function and average power spectra for time series of mean areal rainfall over squares with sides of 16 and 128 km, respectively. Two notable features of the effect of spatial averaging on the time series of mean areal rainfall are the reduction in the variance of the process and the increase in correlation lengths with spatial averaging. Furthermore, the slope of the power spectrum of the time series (␤) increases with areal averaging, reflecting the increasing relative importance of the low-frequency components in the data. The time series of mean areal rainfall is multiaffine for all spatial scales exceeding 4 km since the power spectra are approximately algebraic (equation (2)) and ␤ Ͼ 1 for these scales. The approximate scaling of the moments used for the generalized structure function (equation (3)) is shown in Figure 5 for the time series of 16 km scale mean areal rainfall.
Simulation Results
The multiplicative broken line model was used to simulate 100 time series of mean areal rainfall at the 16 and 128 km scales and with 10 min intervals using the parameters shown in Table 2 . The auto correlation functions from measured data Figure 3 . The autocorrelation functions were well preserved out to 120 min (lag 12). The average power spectra are shown as the thick lines in Figure 4 , and the moments of the generalized structure function for the 16 km scale are shown as the solid lines in Figure  5 . The power spectra for the modeled and measured data were very similar for both the 16 and 128 km data. As a further check on the model, the 10 min data were accumulated into hourly totals. The autocorrelation functions for the 16 and 128 km hourly data are shown in Figure 6 . It is apparent that the model was unable to reproduce the very long tail with low correlations observed in both data sets, although the lag 1 and 2 correlations were preserved. The power spectra of hourly accumulations shown in Figure 7 indicate a reasonably good fit. The exceedance probability distributions for the measured and modeled data are shown in Figure 8 . The model is unable to produce rainfall that is exactly zero by construction, and this is evident in the distribution of the 16 km data where zero rain rates exist in the record. A pragmatic solution to the lack of zero rainfall is to threshold the simulated data at a level that reproduces the observed fraction of nonraining time intervals in the record and to renormalize the synthetic record to the desired mean and variance.
Discussion and Conclusions
The outer scale for the cascade time series of 128 km data was relatively short, 500 min, which is approximately the time taken to advect the field through the field of view. The outer scale for the 16 km data was found to be much longer than that taken to advect the field through 16 km, leading to the conclusion that the outer scale for the 128 km data was not merely an artifact of the data processing and has a meteorological significance. The outer scale was found to be an order of magnitude less than the duration of the event, but it was difficult to detect a break in the scaling at the outer scale in the power spectra for both time series. However, the scaling break was clearly evident in a time series of 4096 points generated with the same parameters. This brings into question the use of the power spectrum to detect scale breaks at scales which are not very much shorter than the duration of the time series.
The branching number q was held constant at 0.75 for both simulations, leading to the conclusion that for this case at least, it is greater than the 0.5 commonly used in discrete cascades. The Z 2 and H parameters were found to be scale dependent and are also expected to vary from event to event, depending on the synoptic situation.
The multiplicative broken line model has been shown to be a useful tool in modeling time series of mean areal rainfall over scales from 16 to 128 km. It has the hierarchal structure of the multiplicative cascade construction but has increased flexibility, which was found to be necessary. The model parameters were easily derived from an analysis of a time series of radar rain fields and required very little "finessing" to reproduce the required correlation function. 
